We introduce balleans as asymptotical counterparts of uniform topological spaces. Using slowly oscillating functions, for every ballean we define two compact spaces: corona and binary corona. These spaces can be considered as generalizations of the Higson's coronas of metric spaces and the spaces of ends of groups, respectively. We consider some balleans related to an infinite group and prove some results concerning their coronas. At the end we apply these results to describe the compact right-zero semigroups which are continuous homomorphic images of G * , the reminder of the Stone-Čech compactification of discrete group G.
Ball structures and balleans
A ball structure is a triple B = (X, P , B), where X, P are nonempty sets and, for any x ∈ X and α ∈ P , B(x, α) is a subset of X which is called a ball of radius α around x. It is supposed that x ∈ B(x, α) for all x ∈ X, α ∈ P . The set X is called the support of B, P is called the set of radiuses. 
B B(x, α), β ⊆ B(x, γ ).
Let B = (X, P , B) be a lower symmetric, lower multiplicative ball structure. Then the family x∈X B(x, α) × B(x, α): α ∈ P is a fundamental system of entourages for some (uniquely determined) uniform topological space. On the other hand, if X is a uniformity U ⊆ X × X, then the ball structure (X, U, B) is lower symmetric and lower multiplicative, where B(x, U ) = {y ∈ X: (x, y) ∈ U }. Thus, the lower symmetric and lower multiplicative ball structures can be identified with the uniform topological spaces.
We say that a ball structure is a ballean if B is upper symmetric and upper multiplicative. Let B 1 = (X 1 , P 1 , B 1 ), B 2 = (X 2 , P 2 , B 2 ) be balleans. A mapping f : X 1 → X 2 is called a ≺-mapping if, for every α ∈ P 1 , there exists β ∈ P 2 such that, for every x ∈ X 1 , f B 1 (x, α) ⊆ B 2 f (x), β .
A mapping f : X 1 → X 2 is called a -mapping if, for every β ∈ P 2 , there exists α ∈ P 1 such that, for every x ∈ X 1 ,
B 2 f (x), β ⊆ f B 1 (x, α) .
A bijection f : X 1 → X 2 is called an isomorphism between B 1 and B 2 if f is a ≺-mapping and f is a -mapping.
Let B 1 and B 2 be balleans with common support X. We say that B 1 ≺ B 2 if the identity mapping id : X → X is a ≺-mapping of B 1 to B 2 . If B 1 ≺ B 2 and B 2 ≺ B 1 we say that B 1 , B 2 are equivalent.
A property P of balleans is called a ball property if any ballean isomorphic to a ballean with property P also has that property P. Now we define some basic ball properties.
Let B = (X, P , B) be a ballean, x, y ∈ X. We say that x, y are connected if there exists α ∈ P such that y ∈ B(x, α). A subset Y ⊆ X is called connected if any two elements from Y are connected. Note that connectedness is an equivalence relation on X, so X disintegrates into connected components. A ballean is called connected if its support is connected.
A subset Y ⊆ X is called bounded if there exists x ∈ X, α ∈ P such that Y ⊆ B(x, α). We say that B is bounded if its support is bounded. Let B be connected, x 0 ∈ X, Y ⊆ X. Then Y is bounded if and only if there exists α ∈ P such that Y ⊆ B(x 0 , α).
For an arbitrary ballean B = (X, P , B), we define a reordering on the set P by the rule: α β if and only if B(x, α) ⊆ B(x, β) for every x ∈ X.
A subset P ⊆ P is called cofinal if, for every α ∈ P , there exists β ∈ P such that α β. The cofinality cf B of B is the minimal cardinality of cofinal subsets of P .
Let (X, d) be a metric space, R + = {α ∈ R: α 0}. Given any x ∈ X, r ∈ R + , we put
We say that a ballean B is metrizable if B is isomorphic to B(X, d) for some metric space (X, d). By [9] , a ballean B is metrizable if and only if B is connected and cf B ℵ 0 .
Formally, the notion of ballean is an asymptotic duplicate of the notion of uniform topological space. It is well known [3, Chapter 8] that every uniform topological space can be approximated by metric spaces. Now we describe the ballean analogue of such an approximation.
Let {B λ = (X λ , P , B λ ): λ ∈ I } be a family of balleans with pairwise disjoint supports and common set of radiuses and let X = λ∈I X λ . For every x ∈ X, x ∈ X λ and every α ∈ P , we put B(x, α) = B λ (x, α). The balleans B = (X, P , B) is called a disjoint union of the family {B λ : λ ∈ I }. A ballean is called pseudometrizable if it is a disjoint union of metrizable balleans.
Let {B λ = (X, P λ , B λ ): λ ∈ I } be a family of balleans with common support. Suppose that, for any λ 1 , λ 2 ∈ I , there exists λ ∈ I such that B λ 1 ≺ B λ , B λ 2 ≺ B λ s . For every λ ∈ I , we choose a copy P λ = f λ (P λ ) such that the family {P λ :
By [10] , every ballean is isomorphic to the inductive limit of some family of pseudometrizable balleans. Now we describe a ballean analogue of normality. Let B = (X, P , B) be a ballean. We say that the subsets Y, Z of X are asymptotically disjoint (and write Y ⊥ Z) if, for every α ∈ P , there exists a bounded subset U α ⊆ X such that
We say that Y, Z are asymptotically separated (and write Y Z) if, for every α ∈ P , there exists a bounded subset U α ⊆ X such that, for every β ∈ P ,
To formulate the balleans counterparts of Urysohn's lemma and the Tietze-Urysohn theorem we need the following definition.
Let B = (X, P , B) be a ballean and let (Y, U) be a uniform topological space. A mapping h : X → Y is called slowly oscillating if, for every entourage U ∈ U and every α ∈ P , there exists a bounded subset V of X such that, for every x ∈ X \ V ,
If Y = R with the uniformity determined by standard metric, then h : X → R is slowly oscillating if and only if, for every ε > 0 and every α ∈ P , there exists a bounded subset V of X such that, for every 
The notion of ball structures and balleans were motivated by combinatorics [1] . Similar notions were defined and investigated in asymptotic topology [2] . We describe the most general of them.
A set X is called a coarse space [8] if there is a distinguished collection E of subsets of product X × X called entourages such that:
• Any finite union of entourages is contained in an entourage.
• The union of all entourages is the entire space X × X.
• The inverse of an entourage M
is contained in an entourage.
Every coarse space (X, E) can be considered as the connected ballean (X, E, B), where B(x, E) = {y: (x, y) ∈ E} ∪ {x}, E ∈ E. On the other hand, every connected ballean (X, P , B) can be considered as the coarse space (X, E), where
Coronas
Fix a ballean B = (X, P , B), endow X with the discrete topology and consider the Stone-Čech compactification βX of X. We take the points of βX to be the ultrafilters on X with the points of X identified with the principal ultrafilters. For every subset A ⊆ X, we put A = {q ∈ βX: A ∈ q}. The topology of βX can be defined by stating that the family {A: A ⊆ X} is a base for the open sets. For every filter ϕ on X, the subset ϕ = {A: A ∈ ϕ} is closed in βX, and, for every nonempty closed subset K ⊆ βX, there exists a filter ϕ on X such that K = ϕ. Let Y be a compact Hausdorff space. For every mapping f : X → Y , denote by f β the Stone-Čech extension of f onto βX.
Denote by X the set of all ultrafilters r on X such that every R ∈ r is unbounded in B, and put X = βX \ X . Clearly, X is a closed subspace of βX.
Given any r, q ∈ X , we say that r, q are parallel (and write r q) if there exists α ∈ P such that, for every R ∈ r, we have B(R, α) ∈ q. By [11, Lemma 4.1], is an equivalence on X . We denote by ∼ the minimal (by inclusion) closed (in X × X ) equivalence on X such that ⊆ ∼. By [3, Theorem 3.2.11], the quotient X /∼ is compact Hausdorff space. It is called the corona of B and is denoted by ν(B). To clarify the virtual equivalence ∼, we use the following two observations.
• If r, q ∈ X and r q, then, for every slowly oscillating function h :
Indeed, pick α ∈ P such that, for every R ∈ r, we have B(R, α) ∈ q. Let ε be an arbitrary positive real number. We put
and note that R ε ∈ r. Since h is slowly oscillating, there exists a bounded subset V of X such that, for every x ∈ X\V , we have diamh
• Let B be connected and let h :
] be a function such that h β (r) = h β (q) for any two parallel ultrafilters r, q. Then h is slowly oscillating.
Suppose the contrary. Since B is connected, the family of all bounded subsets of X is closed under finite unions, so is directed by inclusion. Choose α ∈ P and ε > 0 such that, for every F ∈ , there exists
Then we get two nets {x(F ): F ∈ } and {y(F ): F ∈ }.
Endow with the discrete topology and fix an arbitrary ultrafilter p ∈ β such that {H ∈ : F ⊆ H } ∈ p for every F ∈ . Let f 1 : → X, f 2 : → X be the mappings defined by f 1 
The following example, suggested by the referee, shows that the connectedness assumption cannot be omitted in the second observation.
be connected balleans such that B 1 is bounded, B 2 is unbounded, |X 1 | > 1 and X 1 ∩ X 2 = ∅. Let B = (X, P , B) be the disjoint union of B 1 and B 2 . We take two points x 1 ∈ X 1 , x 2 ∈ X 2 and define the function h : X → [0, 1] by the rule: h(x 1 ) = h(x 2 ) = 1 and h(x) = 0 for every x ∈ X \ {x 1 , x 2 }. Since every bounded subset of X is contained either in X 1 or in X 2 , h is not slowly oscillating. On the other hand, X = X 1 . It follows that, for any r, q ∈ X (in particular, for any parallel ultrafilters r, q ∈ X ), we have h β (r) = 0, h β (q) = 0 so h β (r) = h β (q). 
Let r, q ∈ X . By above remark, r ∼ q if and only if r ≈ q. Hence, the Higson's corona f (X)\f (X) can be identified with the corona ν (B(X, d) ) of the ballean B (X, d) .
Now we define a more coarse corona of a ballean B = (X, P , B) using slowly oscillating functions taking values 0, 1.
We say that the ultrafilters r, q ∈ X are binary equivalent (and write r ∼ {0,1} q) if h β (r) = h β (q) for every slowly oscillating function h : X → {0, 1}. Clearly, ∼ {0,1} is a closed equivalence on X . The quotient X /∼ {0,1} is called the binary corona of B, it is denoted by ε(B) and the elements of ε(B) are called the ends of B.
A subset A of X is called almost invariant if B(A, α)\A is bounded for every α ∈ P . We use the following observations.
• Every bounded subset is almost invariant.
We use the proof suggested by the referee. Let α ∈ p be given. Pick α ∈ P such that, for all x ∈ X, B(x, α) ⊆ B * (x, α ). Pick δ ∈ P and z ∈ P such that B(A, α )\A ⊆
B(z, δ). Pick γ ∈ P such that, for all x ∈ X, B(B(x, δ), α) ⊆ B(x, γ ). We claim that B(X \ A, α) \ (X \ A) ⊆ B(z, γ ). To see this, let y ∈ B(X \ A, α) \ (X \ A) and note that y ∈ A. Pick x ∈ X \ A such that y ∈ B(x, α). Then y ∈ B * (x, α ) so x ∈ B(y, α ). Therefore x ∈ B(A, α )\A, so B(x, α) ⊆ B(z, γ ) and hence y ∈ B(z, γ ).
• If a function h : X → {0, 1} is slowly oscillating then h −1 (0) is almost invariant.
Put A = h −1 (0) and let α ∈ P be given. Choose a bounded subset V of X such that, for
. Then B(A\V , α) ⊆ A, B(A, α) ⊆ A ∪ B(V , α) so B(A, α) \ A is bounded and hence A is almost invariant.
• Let h : X → {0, 1} be a function such that f −1 (0) is almost invariant. Then h is slowly oscillating.
We put A = h −1 (0) and assume that B is connected. Let α ∈ P be given. Since A and X \ A are almost invariant, the subsets
Therefore h is slowly oscillating. Now let B be the disjoint union of the family {B α = (X α , P , B α ): λ ∈ I } of connected balleans. Since every bounded subset of X is contained in some subset X λ , there exists λ 0 ∈ I such that, for every λ ∈ I , λ = λ 0 , either X λ ⊆ A or X λ = X\A. By the above paragraph, h is slowly oscillating.
Proposition 2. Let B = (X, P , B) be a ballean, r, q ∈ X . Then r, q are binary equivalent if and only if, for every almost invariant subset A ⊆ X, A ∈ r implies A ∈ q.
Proof. Assume that r, q are binary equivalent, A be an almost invariant subset of X and A ∈ r. Take the slowly oscillating function h : X → {0, 1} defined by the rule h| A ≡ 0, h| X\A ≡ 1. Since h β (r) = h β (q) we get A ∈ q.
Assume that r, q are not binary equivalent and take a slowly oscillating function h :
In view of Proposition 2 we can identify ε(B) with the set E of all maximal filters in the family A of all unbounded almost invariant subsets of X endowed with the topology defined by the family {{ϕ ∈ E: A ∈ ϕ}: A ∈ A} as a base for the open sets. In particular, this identification shows that ε(B) is zero-dimensional.
To motivate the end-terminology we consider a discrete group G. A subset A ⊆ G is called almost invariant if Ag \ A is finite for every g ∈ G. Denote by E(G) the set of all maximal filters in the family of all infinite almost invariant subsets of G. Then E(G) is the reminder of the Freudental-Hopf compactification of G and every element of E(G) is called an end of G (for this approach to definitions of ends see [7] ). In the next section we define the ballean B r (G, ℵ 0 ) with the support G such that ε(B r (G, ℵ 0 )) = E(G). Thus, the binary corona of ballean can be considered as a generalization of the space of ends of group.
We conclude this section with the following example, showing that the connectedness assumption cannot be omitted in Proposition 1.
Let (X n , d n ), n = 1, 2, . . . , be metric spaces such that X n = {y n , z n }, On the other hand, let r, q ∈ X and r q. Pick α ∈ R + such that, for every R ∈ r, B(R, α) ∈ q. Since B(R, α)\R is finite, we have R ∈ q and r = q. Hence = ∼ and ν(B) = X .
Group balleans
Let G be an infinite group with identity e, κ be an infinite cardinal such that κ |G|. Denote by (G, κ) the family {F ⊆ G: |F | < κ, e ∈ F } and, for any g ∈ G, F ∈ (G, κ), put
Thus, we get two balleans
Note that the mapping x → x −1 is an isomorphism between B l (G, κ) and B r (G, κ).
Proposition 3. For every infinite group G of regular cardinality, the cardinality of corona ν(B r (G, |G|)) is 2 2 |G| .
Proof. Let G = {g α : α < |G|}, g 0 = e. For every α < |G|, we put F α = {g β : β α}. Then we can construct inductively the subset X = {x α : α < |G|} of G such that F α x α ∩F β x β = ∅ for all α > β. Since |G| is regular, for every F ∈ (G, |G|), there exists α < |G| such that F ⊆ F α . Hence, there exists a subset V of cardinality < |G| such that F x ∩ Fy = ∅ for any two distinct elements x ∈ X\V , y ∈ X\V . It follows that any two disjoint subsets of X of cardinality |G| are asymptotically disjoint. Now consider the family U of all ultrafilters r on G such X ∈ r and |R| = |X| for every R ∈ r. Clearly, |U| = 2 2 |G| . Take any two distinct ultrafilters r, q ∈ U , choose R ∈ r, Q ∈ q such that R ∩ Q = ∅. Then R ⊥ Q. By Proof. It suffices to show that every slowly oscillating function h : G → [0, 1] is constant at infinity. More precisely, there exists c ∈ [0, 1] such that, for every ε > 0, there exists a subset V of G such that |V | < κ and |h(x) − c| < ε for every x ∈ G \ V . We prove the following auxiliary statement. Let X be a subset of G such that |X| = κ. Then there exists a subgroup H of G such that X ⊆ H , |H | = κ and the restriction h| Hg is constant for every g ∈ G\H . Let X = {x α : α < κ}. Put H 0 = {x 0 }, F 0 = ∅. Suppose that, for some ordinal β < κ, we have chosen the subsets {H α : α < β} and {F α : α < β} of cardinality < κ. If β is a limit ordinal, we put H β = {x β } ∪ α<β H α , F β = α<β F α . Since κ is regular we have |H β | < κ, |F β | < κ. If β is a non-limit ordinal, we choose the limit ordinal β 0 and the natural number n such that β = β 0 + n. Put W = {x β } ∪ H β 0 +n−1 ∪ F β 0 +n−1 . Clearly, |W | < κ. Denote by H β the set of all elements of G which can be written as the group words of length n in the alphabet W . Since h is slowly oscillating and |H β | < κ, there exists a subset F β of G such that |F β | < κ, F β 0 +n−1 ⊆ F and, for every
After κ steps we put H = α<κ H α . By the construction we conclude that H is a subgroup of G, |X| ⊆ H , |H | = κ and F α ⊆ H for every α < κ. Now let y ∈ H , y ∈ H and g ∈ G\H . Take an arbitrary ε > 0 and choose the limit ordinal β 0 < κ and the natural number n such that 1 n < ε and y ∈ H β 0 +n−1 , y ∈ H β 0 +n−1 . Put β = β 0 + n. Since y ∈ H β , y ∈ H β and g / ∈ F β , we have
It follows that h| Hg is constant. At last, suppose that h is not constant at infinity. Then there exist ε > 0 and injective κ-sequences y α α<κ and z α α<κ such that |h(y α ) − h(z α )| > ε for every α < κ. Put X = {y α , z α : α < κ}. By the auxiliary statement, there exists a subgroup H of G such that X ⊆ H , |H | = κ and the restriction h| Hg is constant for every g ∈ G \ H . Fix an arbitrary g 0 ∈ G \ H and put Y = {e, g 0 }. Since h is slowly oscillating, there exists a subset U of G such that |U | < κ and, for every
Choose α < κ such that y α / ∈ U , z α / ∈ U . Then we have
Hence, |h(y α ) − h(z α )| < ε and we get a contradiction to the choice of y α α<κ , z α α<κ . 2
The above proposition remains true (with only slight modification of the proof) under some weaker assumptions instead of commutativity of G. In particular, it is true if either the center {x ∈ G: xg = gx for every g ∈ G} of G is of cardinality κ or every subgroup of G of cardinality κ is contained in some invariant subgroup of cardinality κ. On the other hand, every free group of rank > 1 has infinitely many ends. It follows that ν(B r (F, ℵ 0 )) is infinite so Proposition 4 is not true for F .
Applications to βG
Let G be a discrete group, βG be the Stone-Čech compactification of G, G * = βG \ G. Using the universal property of the Stone-Čech compactification, the group multiplication on G can be extended to βG in such a way that, for every r ∈ βG, the right shift x → xr is continuous, and, for every g ∈ G, the left shift x → gx is continuous. Formally, the product rq of the ultrafilters r, q ∈ βG is defined by the rule: given any subset A of G,
For more information about the compact right topological semigroup βG and its combinatorial applications see [5] .
In what follows we suppose that G is infinite and κ is an infinite cardinal such that κ |G|. We put G (κ) = {r ∈ βG: |R| κ for every R ∈ r} and note that the subsemigroup G (κ) of βG coincides with the set G of all unbounded ultrafilters in the ballean B r (G, κ) . In what follows we assume that ν(B r (G, κ) ) is endowed with the structure of a right-zero semigroup.
The above observation shows that the factor-mapping of G (κ) to ν(B r (G, κ) ) is a homomorphism. The next proposition states that ν(B r (G, ℵ 0 )) is the maximal continuous right-zero homomorphic image of G * .
Proposition 5. If a compact right-zero semigroup S is a continuous homomorphic image of G * , then S is a continuous homomorphic image of ν(B r (G, ℵ 0 )).
Proof. We use the following observation. If the semigroup G * is partitioned into closed left ideals of G * then every member I of the partition is a left ideal of βG. It suffices to show that xI ⊆ I for every x ∈ G. Suppose the contrary and choose g ∈ G, r ∈ I such that gr / ∈ I . Choose the element J of the partition such that gr ∈ J . Since J is a left ideal of G * we have r(gr) ∈ J and get a contradiction to (rg)r ∈ I . Now let f be a continuous homomorphism of G * onto S. By definition of ν(B r (G, ℵ 0 )), it suffices to show that, for every r, q ∈ G * , f (r) = f (q). Since S is a right-zero semigroup, every element of the partition {f −1 (s): s ∈ S} of G * is a left ideal of G * . Hence, f −1 (s) is a left ideal of βG for every s ∈ S. Since r q, there exists g ∈ G such that q = gr, so q, r belong to the same member of the partition and f (q) = f (r). 
Proposition 6. If a compact zero-dimensional right-zero semigroup S is a continuous homomorphic image of G * , then S is a continuous homomorphic image of the binary corona ε(B r (G, ℵ 0 )).
Proof. Let f be a continuous homomorphism of G * onto S. It suffices to show that f (r) = f (q) for any two binary equivalent ultrafilters r, q ∈ G * . Suppose the contrary and choose the binary equivalent ultrafilters r, q ∈ G * such that f (r) = f (q). Since S is zero-dimensional, there exists a continuous mapping f : S → {0, 1} such that f (f (r)) = f (f (q)). We put ϕ = f f and note that ϕ is a continuous homomorphism of G * to the right-zero semigroup {0, 1}. Then we take a mapping h : G → {0, 1} such that the restriction h * of h β to G * coincides with ϕ. Then h is slowly oscillating in B r (G, ℵ 0 ) and h β (r) = h β (q). Thus we get a contradiction to the assumption that r, q are binary equivalent. 2
We conclude the paper with some illustrations of our considerations.
• By Propositions 3 and 5, for every infinite group G of regular cardinality, there exists a compact right-zero semigroup of cardinality 2 2 |G| which is a continuous homomorphic image of G uni . On the other hand, if G is an uncountable Abelian group, by Propositions 4 and 5, the only continuous right-zero homomorphic image of G * is a singleton.
• A group G is called locally finite if every finite subset of G is contained in some finite subgroup. By [11, Lemma 4.3] , if G is either uncountable or a countable locally finite group, then ν(B r (G, |G|)) = ε(B r (G, |G|)). By [6] , every uncountable locally finite group G has one end so ε(B r (G, ℵ 0 )) is a singleton in this case.
• By the Freudental-Hopf theorem (see [4, Chapter 2] ), every infinite group G has one, two or infinitely many ends. In view of Proposition 6, this theorem describes all possible finite right-zero continuous homomorphic image of G * . This is a step to the following general problem.
Given an infinite group G, determine all finite semigroups which are continuous homomorphic images of G * .
The first step is this direction was done in [12] . A finite group F is a continuous homomorphic image of G * if and only if F is a homomorphic image of G.
